This paper investigates the collective multi-target rotating encirclement formation problem of second-order multi-agent systems, where the inputs are constrained in nonconvex sets. The objective requires that all agents rotate around targets' geometric center with the desired radius and angular velocity. Firstly, the targets' geometric center and rotating radius are calculated by two distributed fixed-time estimators based on the neighbors' information. Then, with the complex domain theory, we construct two consensus vectors complying with the conditions of the multi-target rotating encirclement formation, and propose a distributed multi-target rotating encirclement control scheme to force all agents achieve the desired formation structure. Moreover, a sufficient condition is provided for choosing design parameters with the aid of Lyapunov theory. In order to handle the problem caused by the nonconvex input constraints, a constraint operator is introduced to ensure all control inputs always lie in the corresponding nonconvex sets. Finally, numerical simulation results are presented to demonstrate the effectiveness and correctness of our theoretical control scheme.
I. INTRODUCTION
There have been a huge number of research results to date on the control problems of vehicles due to its widespread applications in robotics, aircraft, vessels, and so forth [1] - [5] . As the demand for practical applications grows, vehicles usually need to carry out some tasks cooperatively as a multi-agent systems [6] - [8] . Particularly, in both military and civilian areas, vehicles are often sent on monitoring or protecting tasks with circular formation around targets, and this is usually called the rotating encirclement problem and can be regarded as a special consensus problem of multi-agent systems [9] . This problem has attracted considerable attentions in the recent literature on account of its promising applications, such as reconnaissance, search-andrescue, surveillance, and so on [10] - [22] . In [10] and [11] , Lin et al. presented 
the distributed collective rotating
The associate editor coordinating the review of this manuscript and approving it for publication was Jianxiang Xi . formation controllers for second-order multi-agent systems in two and three-dimensional space respectively. In [16] , a distributed encirclement controller was proposed for the multi-agent multi-target systems to achieve the circular formation. With specific communication topology between agents and targets, a finite-time distributed rotating encirclement control scheme was presented for multi-agent systems in [17] . In [19] , a distributed finite-time rotating encirclement control was put forward for the one-order multi-agent systems with nonconvex input constraints. In [20] and [21] , Mo et al. studied the finite-time rotating target-encirclement problems for the leader-following firstorder and fractional-order multi-agent systems with only one target.
Although these results aid the progress of the encirclement control and collective rotating formation, there still exist some research gaps. Firstly, there is no research with respect to the multi-target rotating encirclement control of second-order multi-agent systems.
Then, most existing results motivated by the reference [23] adopt the prediction-based approaches by designing the reference trajectory for each agent, which may result in poor robustness. Besides, most reported results for multi-agent systems concentrate on the ideal situation where the input of each agent is unconstrained or constrained in the certain convex set [24] - [27] . However, there may exist some situations where the constraint sets of inputs are nonconvex, e.g., quadrotors. Hence, it is practically important to solve the nonconvex constraints problem. To this end, Lin et al. proposed a constraint operator to find the vector with the largest magnitude and the same direction of the desired input, which keeps the actual input invariably lying in the certain nonconvex set [28] . Inspired by this method, some relevant results have been presented for multi-agent systems with nonconvex constraints [29] - [33] .
Motivated by aforementioned works, this paper studies the collective multi-target rotating encirclement control problem for second-order multi-agent systems with nonconvex input constraints, which requires that all agents evenly distribute on a circle and rotate around the targets' geometric center with the radius proportional to the maximum distance between all targets and their center. To achieve the desired formation, two estimators are constructed to attain the center and radius. Then, a new estimator-based distributed rotating encirclement control scheme is presented by introducing the above constraint operator. The main contributions of this paper are listed as following.
1) Compared with [10] - [22] , where the results only apply to first-order systems, the rotating encirclement formation problem of second-order multi-agent systems is considered in this paper. 2) Compared with the prediction-based approaches, the proposed rotating encirclement control scheme makes full use of each agent's neighbor information, which leads to better robustness. 3) Estimators regarding the targets' geometric center and the rotating radius are distributed without requiring the neighbor information of targets.
The rest of this paper is organized as following. In Section II, some lemmas and preliminary concepts about graph theory are given, and the rotating encirclement formation problem is formulated. In Section III, the main result with respect to the distributed rotating encirclement control scheme is presented with the stability analysis process. A numerical simulation example is illustrated in Section IV to demonstrate the correctness and effectiveness of the proposed method. The conclusion is drawn in Section V.
II. PRELIMINARIES AND PROBLEM DESCRIPTION A. GRAPH THEORY
Let G(V, E, A, B) be a weighted undirected graph corresponding to n agents and m targets with the vertex set V = {υ 1 , · · · , υ n }, the edge set E ⊂ V × V, the weighted adjacency matrix A = [a ik ] ∈ R n×n of all targets, and the weighted adjacency matrix B = [b ik ] ∈ R n×m of agents and targets. The vertex indexes belong to a finite index set I = {1, · · · , n}. An edge denoted by ε ik = (υ i , υ k ) represents that the i-th agent and the k-th agent can exchange information with each other. The weighted adjacency matrix A satisfies a ik = a ki > 0 if ε ik ∈ E and a ik = 0 otherwise. The neighbor set of vertex υ i is defined as N i = {υ k ∈ V : ε ik ∈ E}. Analogously, the target indexes belong to a finite index set T = {1, · · · , m}. Let b ik > 0 if the i-th agent can receive the information from the k-th target and b ik = 0 otherwise. Furthermore, denote N T i ⊆ T as the set of targets whose information can be obtained by the ith agent. Accordingly, the Laplacian matrix corresponding to the undirected weighted graph G is defined as a symmetric matrix L = [l ik ], where l ii = n k=1 a ik and l ik = −a ik for all i = k. A path connected υ i and υ k is a sequence of edges as
The graph G is connected if there exists at least a path from any vertex to any other one. The distance between υ i and υ k is denoted by d(i, k), which represents the shortest path from
Notations: R n and C n represent the sets of n-dimensional real and complex vectors; R n×m and C n×m denote the sets of n × m real and complex matrixes. R + represents the set of positive real numbers. (·) T and (·) H represent the transpose and conjugate transpose of (·) respectively. I n and 1 n = [1, 1, · · · , 1] T ∈ R n denote the n-dimensional unit matrix and unit vector respectively. ⊗ is the Kronecker product; λ m ( ) and λ M ( ) denote the minimum and maximum eigenvalues of the matrix , respectively. Define sig 1 (x) = [x 1 x 1 , · · · , x n x n ] T and sig 0 (
B. PROBLEM DESCRIPTION
Consider a multi-agent system consisting of n agents (Index set I = {1, · · · , n}) and m targets (Index set T = {1, · · · , m}). Each agent can be regarded as a vertex in the weighted undirected graph G. Suppose that the dynamics of the i-th agent is given as follows:
where x i (t), v i (t) ∈ C represent the position and velocity of the i-th agent respectively. u i (t) ∈ C is the control input, which is constrained to invariably lie in a nonconvex constraint set U i ∈ C known only to the i-th agent. In practice, the input of each agent may be constrained in a nonempty bounded nonconvex set due to different constraints of agents' driving forces in different directions. In other words, the maximal amplitudes of each agents' input may vary in different directions, which constructs a nonconvex set in regard to the admissible input. To cope with nonconvex constraints, we need the following assumption. Assumption 1: [28] Let U i ⊆ C, i ∈ I be nonempty bounded closed sets with 0 ∈ U i . S U i (·) is a constraint operator such that sup
i.e., the control input will invariably stay in the set U i without any convexity assumption. The supremum γ i means that the control inputs of all agents are bounded, while the infimum γ i implies the control inputs can vary in any direction. By using the operator, a maximum convex set containing the origin is separated from the input nonconvex constraints set. The actual input will always lie in the constructed convex set and never violate the input constraint. Some examples are given in Fig.1 to illustrate the constraint operator more intuitively.
The objective of this paper is to design the distributed rotating encirclement control scheme for all agents only using the neighbors' information, which ensures all agents achieve a desired rotating encirclement formation structure without violating the nonconvex input constraints. Specifically, all agents will rotate around the targets' geometric center with the common radius and angular velocity and evenly distribute on a circle. Without loss of generality, we assume that agents finally move in the anti-clockwise direction.
Remark 2: This paper considers the multi-target rotating encirclement formation problem in two-dimension space, and all agents' rotating centers are required to locate in the targets' geometric center. Different from other general consensus problems of multi-agent systems [34] - [36] , the consensus problem of this paper may be more complicated since the relative position between every two agents changes all the time and the velocity of each agent varies periodically. In addition, it is too cumbersome to indicate the rotating center of each agent only using the position and velocity information. From the complex domain theory, the real and imaginary parts are perpendicular to each other and a complex x rotation of π/2 can be represented as jx. Then, it is not hard to design the consensus vector as [x i + jωv i , v i e 2πj/n+ωt ] T . Therefore, we discuss the rotating encirclement formation problem in the complex domain.
Definition 1: The multi-agent system (1) achieves the multi-target rotating encirclement formation if
where i, k ∈ I, r q (t) andr(t) = 1 m m q=1 r q (t) represent the position of the q-th target and the targets' geometric center, respectively. l(t) = κ max k∈T ( r k (t) −r(t) ) denotes the desired rotating radius with κ > 1 being a positive design parameter. ω represents the desired angular velocity.
Remark 3: In Definition 1, the condition (2) means the circle centers of all agents will converge to the targets' geometry center. The condition (3) determines rotating radiuses of all agent, which depend on the maximum distance between targets and their geometry center. Then the conditions (4) enables all agents evenly distribute on a circle. In particular, by mechanical knowledge, the condition (5) guarantees all agents will move in a circle with the angular velocity ω. To illustrate the definition more clearly, Fig.2 shows a rotating encirclement formation with five agents and three targets, where the agents maintain the specific structure surrounding the targets' geometry center.
Remark 4: For the encirclement formation problem, the second-order multi-agent system is considered for the first time in this paper, which is more complicated than first-order systems. In [10] - [15] , only rotating or circumnavigating motion is considered, but the encirclement motion of dynamic targets is not considered. Since the system under consideration is multi-agent multi-target and each target is tracked by at least one agent, the communication topology between agents and targets of this paper is more general compared with [16] - [22] , which can be regarded as the special cases. Besides, by extending our previous work in [19] , nonconvex input constraints are also considered herein.
For the convenience of analysis, we assume that ω = 1 and the general case can be analyzed in a similar way. To facilitate the analysis and design, we need some useful assumptions and lemmas.
Assumption 2 [19] : The graph of all agents is connected and each target can be tracked by at least one agent.
Assumption 3: The speeds of targets have a common upper bound, i.e. ṙ k (t) ≤ r d , k ∈ T , where r d is a positive constant. The desired rotating radius is bounded by l < l(t) <l, where l,l are positive constants.
Remark 5: To ensure a circular formation, the rotating radius can not be zero. Thus it's natural to assume that the location of the target is not exactly the same, i.e., l(t) has a lower bound. It's reasonable thatṙ k (t) and l(t) are upper bounded by some positive constants from a practical point of view. In addition, with the properties of connected graphs, all agents can accurately estimate the location of each target if it can be tracked by at least one agent.
Lemma 1: [37] For the Laplacian matrix L ∈ R n×n of a connected undirected graph G, let E = diag { 1 , · · · , n } and = diag {π 1 , · · · , π n } where i ≥ 0 and π i > 0, i = 1, · · · , n, then all eigenvalues of L + E and (L + E) have positive real parts. Particularly, the real parts of the eigenvalues of L + I n and (L + I n ) are all greater than 1 and min i∈{1,··· ,n} {π i } if E = I n .
Lemma 2: [38] Let x 1 , · · · , x n ≥ 0 and 0 < q ≤ 1, p ≥ 1, then
Lemma 3 [19] : Consider the nonlinear systemẋ = f (x), x(0) = x 0 . If there exists a continuous radially unbounded positive definite function V :
then the equilibrium is said to be fixed-time stable and the settling time T (x 0 ) satisfies
III. MAIN RESULT
In this section, we propose a distributed control scheme to solve the rotating encirclement formation problem for the second-order multi-agent system (1) with nonconvex input constraints. Two estimators are constructed to obtain estimations of the targets' geometric center and the rotating radius for each agent. Then, the distributed control law restricted by the nonconvex input constraint is proposed to force each agent rotating around the center with desired radius. The corresponding stability analysis is given in detail.
A. CONTROL DESIGN
Firstly, the distributed estimator (7) is constructed to obtain the estimation p i of the targets' geometric centerr for each agent.
p is (7) where α 1 , α 2 are positive real design parameters. Then, the distributed estimator with respect to the rotating radius of i-th agent is given by
Finally, we propose the following nonconvex constrained control law.
where S U i (·) is the constraint operator elucidated in Assumption 1. δ 1 , δ 2 and σ are positive real design parameters, η i (0) = 1. Remark 6: Compared with [16] - [22] , in this paper the estimators of the targets' geometric center and the rotating radius are distributed and does not require the neighbor information of targets.
Remark 7: In [16]- [22] , the prediction-based encirclement control methods are adopted by designing the desired reference trajectory for each agent, and the designed controller drives the output towards the reference trajectory. In these controllers, the agent's neighbor information is not fully utilized, which may result in poor robustness. Rather, the distributed controller is designed for each agent in this paper, which greatly improves the robustness of the whole system and makes the formation shape more stable.
B. STABILITY ANALYSIS
With estimators (7), (8) , we obtain following lemmas to indicate that the estimations p i and l i will meet the corresponding conditions of the desired rotating encirclement formation.
Lemma 4: Consider the estimator (7) under Assumptions 2-3. For each agent i ∈ I, the estimation p i can converge to the targets' geometric centerr within fixed time, i.e., equation (10) holds if the design parameters α 1 , α 2 are selected as the equation (11).
Specifically, the upper bound of the settling time can be estimated as
ns , B 2s = diag 4b 2 1s , · · · , 4b 2 ns . And L 1s = 2L(A 1 ) + B 1s , L 2s = 2L(A 2 ) + B 2s . Moreover, L(A 1 ) and L(A 2 ) denote the Laplacian matrices with respect to the undirected graphs G(A 1 ) and G(A 2 ).
Proof: For any s ∈ T , define ξ is = p is − r s and ξ s = [ξ 1s , · · · , ξ ns ] T , then we havė
Choose the Lyapunov function candidate as V 1s = 1 2 ξ H s ξ s . Then, we obtain the time derivative of V s along system (13) with the inequalities in Lemma 2.
From Lemma 1, all eigenvalues of matrices L 1s and L 2s have positive real parts. Thus, we havė
With the selected parameters α 1 , α 2 in (11), it is easy to see that the closed-loop system (13) is fixed-time stable from Lemma 3. The settling time T 1s satisfies (12) . Then, we have lim t→T 1s [p is − r s ] = 0, i.e., the estimation p is of the i-th agent will converge to the s-th target's trajectory in the fixed time T 1s . From the definition of p i and T 1 , it is easy to see that lim t→T 1 1 m m s=1 p is −r = 0 and lim t→T 1 [p i −r] = 0. Lemma 5: Consider the estimator (8) under Assumptions 2-3. For each agent i ∈ I, the estimation l i can converge to the rotating radius of the desired rotating encirclement formation within fixed time, i.e., equation (16) holds, if the design parameters satisfy β i1 > 0, β i2 > 2r d .
Specifically, the upper bound of the settling time can be estimated as the equation (17).
Proof: To analyze the stability of estimator (8) succinctly, the step-by-step method is adopted.
For the first equation, we choose the Lyapunov function candidate as V 21 = 1 2 2 i1 , whose time derivative iṡ
From Lemma 4, it is clear that p i =r, ∀t > T 1 . Then, with Assumption 3, we havė
Therefore,
With the selected parameters β i1 , β i2 and Lemma 2, we conclude that the first equation of the estimator (8) is fixed-time stable and the equation (21) holds. Furthermore, the settling time T 21 satisfies (22) .
From Assumption 2, we know that the graph G corresponding to agents is connected and each target can be tracked by at least one agent. Therefore, there exists at least one index q such that ρ q1 = max k∈T { r k −r } , ∀t > T 21 .
Proceeding similarly, we choose the s-th (s = 2, · · · , M ) Lyapunov function candidate as V 2s = 1 2 2 is . Differentiating V 2s along the s-th equation of the estimator (8), yieldṡ
Thus, the s-th equation of the estimator (8) can be proved to be fixed-time stable with the property (24) and the settling time T 2s satisfies lim t→T 2s ρ is − max k∈N i ∪{i} ρ k(s−1) = 0 (24)
Similarly, there exists at least one index q such that ρ qs = max k∈N i ∪{i} ρ k(s−1) = max k∈T { r k −r } , ∀t > T 2s .
Summarizing the above analysis, it is not hard to obtain that there exists a fixed time T 2 satisfying
Thus, from the definition of l i , we have
In the following we will show that the constrained control law (9) can drive all agents surround the targets' geometric center with the desired radius and angular velocity and evenly distribute on the desired circle, i.e., the system (1) satisfies the conditions in Definition 1.
Denote
where S U i (x) is the constraint operator as mentioned in Definition 2. Obviously, 0 < g i ≤ 1. µ i is given in (9) , i ∈ I.
Since the constraint operator S U i (x) has same direction with the vector x, the control law can be represented as u i = g i µ i . For the sake of simplicity, let us denote 1 , · · · , c n ] T , η = [η 1 , · · · , η n ] T , p = [p 1 , · · · , p n ] T and ψ = [v T , c T ] T . Thus, the time derivative of ψ and η along (1) and (9) can be indicated aṡ
Lemma 6 [10] : LetÃ ∈ C n×n be a Hurwitz matrix and Q ∈ C n×n be a positive definite Hermite matrix. Then the equationÃ H P + PÃ = −Q has a positive definite Hermite matrix solution P. Lemma 7: Under Assumption 1-3, all eigenvalues of the matrix have negative real parts.
Proof: Let λ π be an eigenvalue of with the corresponding eigenvector [π T 1 , π T 2 ] T , where π 1 , π 2 ∈ C n . Denote L 1 = L + I n and L 2 = L H + I n . Since L 1 is a Hermite matrix and L 2 = L 1 H , we know that L 1 and L 2 all have positive eigenvalues by Lemma 1. Then, we have G(jI n − L 2 )π 1 −GL 1 π 2 = λ π π 1 (32) I n − G(I n + jL 2 ) π 1 − jGL 1 π 2 = λ π π 2 (33)
Combining −j×(32) with (33) yields π 1 = λ π π 2 − jλ π π 1 (34)
Thus, π 1 = λ π 1+jλ π π 2 . Substituting into (32), we have
If λ π = 0, then we have π 1 = 0, (32) becomes GL 1 π 2 = 0. From Lemma 1, we know that all eigenvalues of GL 1 have positive real parts. Thus, the matrix GL 1 is nonsingular and π 2 = 0 which is a contradiction. This means that 0 can't be a eigenvalue of the matrix .
If the real part of λ π is nonnegative (λ π = 0), then it is not hard to see that the matrix −G(L 2 + 1 λ π L 1 ) is Hurwitz stable. Thus, from Lemma 6, there exists a positive definite Hermite matrix P satisfying −PG(L 2 + 1 λ π L 1 )−(L 2 + 1 λ H π L 1 )GP = −Q for any given positive definite Hermite matrix Q.
Therefore, consider the following systeṁ 
Hence all eigenvalues of G(jI n − L 2 ) − 1+jλ π λ π GL 1 have negative real parts, which contradicts (35) .
In summary, all eigenvalues of the matrix have negative real parts, i.e., is a Hurwitz matrix.
Define y = −1 v − Fη, z = c − p and φ = [y T , z T ] T . From Lemma 4 and Lemma 5, we know that p i =r, l i = l = κmax k∈T { r k −r } , ∀t > T 2 , i ∈ I. Then, the system (38) can be rewritten aṡ
Theorem 1: Consider the second-order multi-agent system (1) with m targets. Suppose that Assumption 1-3 hold, then all agents achieves the rotating encirclement formation with the estimators (7), (8) and protocol (9) if there exists positive definite Hermite matrices P, Q ∈ C 2n×2n such that
and the design parameters satisfy
. Proof: For any i ∈ I, we first show that
2nl. Consider the Lyapunov function candidate in the form of V η i = η i H η i . Then, the time derivative of V η i along the system (39) can be represented aṡ
When η i < 1, according to (41), we havė
When η i > 1, we havė 
We next show that
Consider the Lyapunov function candidate V φ = φ H Pφ. Then, the time derivative of V φ along the system (38) can be represented aṡ
By selecting appropriate parameters, φ 0 can be chosen small enough, which leads to lim t→∞ v − Fη = 0, lim t→∞ c − p = 0. Then, for any i ∈ I, we have lim t→∞ c i (t) −r(t) = 0 and lim t→∞ [ v i (t) − l(t)] = 0. Calculating u i in (9), we have lim t→∞ v i (t) − jv i (t) = 0. Therefore, the multi-agent system (1) can achieve the multi-target rotating encirclement formation with the proposed control scheme (9) .
IV. NUMERICAL SIMULATION
In this section, a numerical simulation is provided to illustrate the effectiveness of above theoretical results. Fig.3 shows the communication topology of the connected undirected graph with 5 agents (Called A1-A5) and 3 targets (Called T1-T3). The input of each agent is constrained to invariably lie in the nonempty nonconvex set U i = {x ||x| ≤ 10 } ∪ {x |−6 ≤ real(x) ≤ 6, 8 ≤ imag(x) ≤ 12 }. The dynamics of each target is described by
The initial conditions are given as follows results are displayed in Fig.4-Fig.8 with the proposed distributed multi-target rotating encirclement control scheme. Fig.4 implies that the estimation p i (t) will converge to the targets' geometric center within 2s. Similarly, it is obvious that the desired rotating radius of each agent will satisfy the rotating encirclement formation conditions within 3s. Fig.6 shows the rotating encirclement formation motion in 2D and 3D space. The phase diagrams at different times are displayed in Fig.7 to demonstrate the rotating encirclement motion more intuitively. Furthermore, Fig.8 manifests the actual control inputs satisfy the nonconvex constraints, i.e., the proposed control scheme can ensure all inputs invariably lie in the corresponding nonconvex sets. Overall, from these simulation results, we can conclude that the multi-target rotating encirclement formation problem can be achieved by our proposed control scheme.
V. CONCLUSION
In this paper, based on the complex domain theory, the distributed multi-target rotating encirclement formation problem is formulated and solved for second-order multi-agent systems with nonconvex input constraints. By using two distributed estimators, the targets' geometric center and the desired rotating radius are accurately estimated in fixed time. Then, the distributed control algorithm is proposed only using local relative information, and a constraint operator is introduced to cope with the nonconvex input constraint. With the aid of Lyapunov theory of complex systems, we perform the the stability analysis and give a sufficient condition such that all agents achieve the rotating encirclement formation without violating nonconvex input constraints. Simulation results are provided to illustrate the correctness and effectiveness of the proposed control scheme.
